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CONDITIONS OF EXTREME STRESS STATE

Abstract. In continuum mechanics, the theory of stresses contains the spreading of Newton's laws for point
masses to a continuous medium, and the theory of deformations contains a geometric description of the changes that
occur when the points of the body move. Stress is a concept used to determine how loads are transmitted through a
solid body. In the three-dimensional coordinate system X, y, z, stresses acting on planes with normals parallel to the
coordinate axes are known as components of the stress tensor. To calculate the stability of open and underground
mines, it is necessary to know the conditions in which the destruction occurs. The mechanical theory of strength is
devoted to the analysis of the boundaries of the stress state at which stability loss and destruction occur.

Key words: stress theory, continuous medium, rocks, stability, nonlinear dependence.

Cohesive rocks up to a certain level of stress and strain generally retain their properties. Any small
change in shear strain dy corresponds to a change in the shear stress dt of the same sign dt/dy> 0 (figure 1).
The deformed state at the point B is characterized by a plastic component y* and an elastic component y”
of general deformation. The unloading of material from point B will be accompanied by the restoration of
elastic deformations, and upon repeated loading to the achieved level tg, it will occur purely elastic,
without the appearance of additional plastic deformations. Thus, the achieved stress level during reloading
after preliminary unloading will serve as the boundary of the elastic state region and is called the yield
stress. The stress 1y, at point C (figure 1) is called the ultimate strength. As long as the level of T does not
exceed Ty, the loading process is accompanied by an increase in the yield strength, called hardening, after
reaching 1., in the rock, the process of reducing resistance (dt/dy< 0), called softening, begins.
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Figure 1 — Nonlinear dependences of stresses and strains in axes y-t
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In the space of principal stresses, the yield strength will form a certain surface, which is called the
yield surface. The equation of this surface is the symmetric function of the principal stresses, in general
terms it is written as follows:

F(o1,0,,03) =K, (1)

where K is a constant associated with ultimate strength.
Since the basic symmetric functions of the stress components are its invariants, then equation (1) can
be represented as:

F(Ji (To), J2 (To), J3(To)) = K, (2)
where

Ji (Ts) =01+ o2+ 03= 30,

J2 (Ts) =- (01021 6263+ 0301),

J;(Ts) = 610203

— are the linear, quadratic, and cubic invariants of the stress tensor.

Concretization of dependence (2) leads to one or another criteria of strength. For rocks, it is of
interest to consider the mechanical theories of Tresca, Coulomb, and Mohr [41].

The Tresca criterion states that the ultimate tangential stress in the body is equal to some constant
value C:

Tp= C. 3)
Since T4, = (01 - 63) / 2 then we have
o1-03-2C=0. 4)

Formula (4) describes a plane parallel to the hydrostatic axis. If we consider all the main stresses to
be equal, then the Tresca criterion describes a regular hexagonal prism in the space of the main stresses.

The Coulomb criterion is based on the assumption that the rock's resistance to shear in the fracture
plane is equal to the adhesion C plus a value proportional to the normal stress in this plane:

It/=C+fo, 5)

where /1/ - the absolute value of the ultimate shear stress; f is the coefficient of proportionality.

The coefficient f is called the coefficient of internal friction, since the expression fo is similar to the
dry friction force.

We write criterion (5) in terms of the principal stresses o, 1 o3.

For this, the normal ¢ and tangent t stress on the considered site are expressed in terms of the
principal stresses:

o,+o0, O0,—-0O
=— 5 2+ ——cos2p
{ (6)
T= E(Ul ~0,)sin2p
Where the angle 8 between the normal N to the site and the direction of stress o, (figure 2).
Putting (6) into (5) gives
1 . 1
C= |r| - fo= 5(0'1 — 0o, )sin2f - fcosZﬁ')—E(O'1 +0,)f . (7)
This expression has a minimum value as a function  when
1
192 = —— . @®)

f
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Figure 2 — Graphical representation of stresses on an inclined plane
Since tg 2p< 0, obviously that the angle B lies within 45°- 90° and
sin2f = (12 +1)72,
cos2p = —f(f+1)_%

Putting (9) into (7), we obtain the Coulomb criterion expressed in terms of principal stresses:
] 1
al[(fzﬂ)é—f}—o{(f%l% +f:2C] (10)

Concerning (10) it implies that if the left side of the equation is less than 2C, then destruction will not
occur; if more - then it will happen.

In the coordinates o;,03 the equation (10) describes the line BSC (figure 3).

The uniaxial compression strength S is obtained if we put in equation (10)

O3= 0:

©)

o1=S=2C[(f+1) "+ f]. (11)

The criterion assumes o; >03> 0, i.e., it corresponds to the conditions of volume compression.
In the tensile site, we supplement the Coulomb criterion with the durability condition at tension:

o;=T, (12)
where T is a durability for tension ( T<0).
The segment ATV corresponds to the formula (12) in figure 3.

Os

Figure 3 — Coulomb criterion on the axes of principal stresses
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Equation (10) can be written by introducing the notation f= tg ¢ and after simple trigonometric
transformations we obtain

o, :S+0'3ctg2 %—% , (13)

where ¢ is the angle of internal friction.
The slope angle W of the straight line BSC to the axis o, is determined by the ratio:

?)_ l+sing (13)

clgy = ctg2 i
4 2) 1-sing
The Coulomb criterion in the space of three principal stresses is a hexagonal pyramid, in which the
axis o1 = 03 = 03 is the axis of symmetry.
Mohr's criterion states that the resistance to shear along the site is a function of the normal stress on it:
/t/=F (o). (15)
If the function F is linear, then the Mohr’s and Coulomb’s criteria coincide. The form of the function
F (o) is determined by the test results under conditions of triaxial compression. In the space ¢, G,, o3 the
Mohr criterion will describe a surface resembling the Coulomb pyramid, but with curved boundaries.
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AKBIPJIbI KEPHEYJII JKAFJIAWJIBIH, ITAPTTAPBI

Annotanus. Tytac opra MexaHHKachlHAa KEpHEY TEOPHSCHl HYKTEJI Maccanap yiniH HbIOTOH 3aHIapbIHBIH
TYTac OpTara TapajyblHaH TYpajbl, ail aedopMaiys TEOpHsCHl JAEHEHIH HYKTEIEpiH aybICThIpyIa OOJIATBIH e3re-
piCTepmiH TEeOMEeTPHSUIBIK CHIATTaMachlHaH Typansl. KepHey Oyl TyTac IOeHE apKbUTBI JKYKTeMeJepHiH Kamai
OepiryiH aHBIKTAy YIIiH KOJJAHBUIATHIH YFBIM. X, y, Z KOOPAWHATTAPHIHBIH YII NIIeM i XKYHECiHIe HopMalapMeH,
napajiesb KOOPOHHATTHIK OChTEpre Mmapajuieib jKa3bIKTHIKTa OPEKET eTETiH KepHey TeH3OPBIHBIH KOMIIOHEHTTEpi
perinae Oenrimi. AIIBIK jKOHE JKep acThl Tay-KeH Ka30alaphlHBIH TYPAKTBUIBIFBIH €celTey YIIIH Tay-KeH Kaz0ana-
PBIHBIH KYHpey KarJalapblH aHBIKTay KakeT. Makaiia OpHBIKTBUIBIKTBIH JKOFaIybl XKOHE KYHpeyl OpbhIH alaThlH
KEpHEYJIi KYH IlIeKapachlH Tajaay Ke3iHjaeri OepiKTIKTIH MEXaHUKAIIBIK TEOPHUsIApbIHA apHAIIFaH.

Tyiiin ce3nep: KepHEy TEOPHSCHI, TYTaC OPTa, Tay JKbIHBICTAPBI, TYPAKTBUIBIK, CHI3BIKCHI3 TOYEIILIIK.
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YCJIOBHUA NPEAEJBHOI'O HAIIPAKEHHOI'O COCTOSAHUA

AHHOTanMsl. B MexaHuke CIUIOIIHOM cpeapl TeopHs HANPSDKEHHM COIEPKUT paclpoCTpaHEHHE 3aKOHOB
HrproToHa /17151 TOYEYHBIX Macc Ha CIUIOIIHYIO Cpejy, a Teopus AedopMaltii- FeOMETPUUECKOe ONMCaHNe N3MEHEHHH,
MIPOUCXOIAIINX IPU MEepeMeIleHUsIX Touek Tena. HanpsikeHue 3To MoHATHE, HCIIONb3yeMOoe AT ONpeleNeHus Toro,
KaK IepefaroTCsl Harpy3KH depe3 CIUIOIIHOE TeNo. B TpexmepHOW cucTeMe KOOpAWMHAT X, Y, Z HAIpsOKEHUs, JeH-
CTBYIOIIME Ha IUIOCKOCTSAX C HOPMAISIMHU, MAapajUIeIbHBIMH KOOPJAMHATHBIM OCSAM, H3BECTHBI KaK KOMIIOHEHTBI
TEH30pa HarpspkeHui. i1 pacyeTa yCTOHYMBOCTH OTKPBITHIX ¥ ITOJI3EMHBIX TOPHBIX BBIPAOOTOK HEOOXOANMO 3HATh
YCIIOBUSI, B KOTOPBIX NMPOMCXOANT pa3pylleHne. AHAIN3Y TPaHHIBI HANPSHKEHHOTO COCTOSIHMS, HAa KOTOPBIX IPOMC-
XOZST TIOTEPS. yCTOHYMBOCTH M Pa3pyIICHHUE, TOCBAIICHB MEXaHMYECKIE TEOPHHU TPOTIHOCTH.

KuroueBble cioBa: TeopHs HalpsDKEHUM, CIUIOIIHASA CPelle, TOPHBIE MOPObl, YCTOMYUBOCTh, HETMHETHAS 3a-
BUCHMOCTb.
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